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Abstract 

Modular equations occur in number theory, but it is less known that such equations 
also occur in the study of deformation properties of quasiconformal mappings. The 
authors study two important plane quasiconformal distortion functions, obtaining 
monotonicity and convexity properties, and finding sharp bounds for them. Applica- 
tions are provided that relate to the quasiconformal Schwarz Lemma and to Schottky's 
Theorem. These results also yield new bounds for singular values of complete elliptic 
integrals. 
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1 Introduction. 

For r G (0, 1), let /i(r) denote the modulus of the plane Grotzsch ring 5\[0,r], where B is 
the unit disk. Then [IB p. 60] 

Mr) = ± ^f\, (1.1) 
PV ; 2 3C(r) 

where 

%=%{r)= / (l-r 2 sin 2 fT 1/2 cit, %' = %' (r) = X(r') , (1.2) 



r' = a/1 — r 2 , < r < 1, are complete elliptic integrals of the first kind [JT], [12], [13], [30"] . 
In the sequel, we shall also need the complete elliptic integrals of the second kind 

£ = £(r) = r'\l - r 2 sin 2 t) 1/2 dt, £.' = fi'(r) = £(r'), (1.3) 
Jo 

for r G [0, 1], r' — a/1 — r 2 . 

The function /i(r) and the distortion functions 

'y K {r)=Li-\n{r)/K), 

(1.4) 

<p K (0) = 1-^(1) = 



1 



for r G (0, 1) and K G (0, oo), and 



\{K) 



<p l/K (l/V2) 



a 2 



v? 



,u = (p 1/K (l/V2), (1.5) 



K G (0, oo), play an important role in the study of deformation properties of quasiconformal 
maps [2], 0, [El, PSj, [20], [22], [26], [38]. Note that here the identity (1.22) for <p K was 
used. These functions have also found applications in some other mathematical fields such 
as number theory [6], [9], [ID], [II], [21], [37], [39]. 

If R is a rectangle with sides parallel to the x- and ?/-axes of length a and 6, respectively, 
the modulus of is defined as M(R) = b/a. If Q is a (topological) quadrilateral, its modulus 
is defined as M(Q) = M(R), where the rectangle R is a conformal image of Q and has sides 
parallel to the coordinate axes. The modulus of a quadrilateral is a conformal invariant. 

Now let / be a diffeomorphism of a domain G in the z-plane onto a domain G' in the 
w-plane. The maximal dilatation at a point z G G is defined as 

K[z) = mi sup 



where G z denotes any subdomain containing z, Q any quadrilateral with Q C G z , and Q' 
the image of Q under /. If K(z) < K, 1 < K < oo, for each z e G, then / is called 
a (differentiable) K- quasiconformal mapping. The definition of quasiconformality can be 
extended to the case of a homeomorphism / that may fail to be differentiable at some 
points. Next, for each z E G with z ^ oo ^ f(z), let 

rr, , y ^aX y | / \z + T?*) - f \z)\ 
H[Z) = limSUp , I —. — rr. 

r ^o mm^\f(z + re^) - f(z)\ 

If z or f(z) is infinite, the definition of H(z) can be modified in an obvious way by means of 
inversion. If / is continuously differentiable and has a non-zero Jacobian at z, then H(z) = 
K(z) (see [21]). In [21], Lehto, Virtanen, and Vaisala proved that always H(z) < X(K(z)), 
where X(K) is given by (|1.5|) . and this is the best possible result of this type. Moreover, 
the boundary values of a i^-quasiconformal automorphism / of the upper half plane satisfy 
the inequality 

i </(»+«) -/(»)< A(J0 



A(A') " !(x) - f(x - t) 

for all real x and t,t ^ 0, see [20, p. 81]. Accordingly, several results in distortion theory 
of quasiconformal mappings depend on \{K). One of the key areas of i^-quasiconformal 
theory is the study of what happens when K — > 1. Quantitative study of this subject 
requires explicit estimates for special functions, such as we are providing in this paper. 
A modular equation of degree p is defined as 

X'(s) %'{r) 
X(s) ~ P X(r) ' 

with s, r G (0, 1). Its solution is s = (pi/ p {r). Ramanujan introduced the convenient notation 

a = r 2 , ft — s 2 
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for use in connection with modular equations. With this notation, a classical third-degree 
modular equation [ITJ, p. 105, (4.1.16)] reads as 

(a?) 1 '* + ((1 - a)(l - P)) 1 '* = 1, 

with a = r 2 , (3 = <^i/ 3 (r) 2 . Ramanujan found numerous algebraic identities satisfied by a 
and j3 for several prime numbers p, see [9]. Ramanujan also formulated, in unpublished 
notes without proofs, many generalized modular equations. Proofs were published in the 
landmark paper [10J by Berndt, Bhargava, and Garvin. 

For each positive integer p, there exists a unique number k p £ (0, 1) such that 

The number fc p is algebraic and is called the pth singular value of X(r) [TlT pp. 139, 296]. 
Since //(1/V2) = 7r/2 we see that 

fc P = yr\y/pnil/y/2)) = <p 1/y/p (l/V2). 

The many well-known facts about (fx yield information about k p . For instance, the infi- 
nite product expansion in Theorem 5.48 (3)] and the inequalities in [TJ Theorem 10.9 (1)], 
[29] . or [30] imply such results. Note that it follows from (1.5) that k p = l/v/l + A( v /p) . 
Many singular values have been found explicitly, because they have a significant role 
in number theory. The algebraic numbers k p , p = 1,...,9, are given in [Til P- 139]. 
The values of X(k p ),p = 1, . . . , 16, appear in [Uj p. 298]; from these one also obtains 
X'(k p ),p=l,...,l6. 

In 1968, S. Agard pQ introduced the following generalization of X(K): 

• r = ViT? r ' = 7TTT (L6) 

for K,t G (0, oo). He showed that 

VK (t) = sup{\f(z)\:\z\=t}, (1.7) 

where T = {/ : / is a i^-quasiconformal automorphism of the plane M 2 with /(0) = 
/(l) — 1 = 0}, K > 1. Clearly rj K {l) = X(K). The function r] K (t), called the rj- distortion 
function, has many important applications in the study of quasiconformal, quasiregular, 
quasisymmetric, and quasi- Mobius mappings, and Mobius-invariant metrics (JJ, [6], [20] . 
[32], [33], [33], [35], [3§]. Recently, G. Martin proved [23, Theorem 1.1] that 

^(t) = sup{|/(z)| : / G Ait), \z\ — (K — 1)/(K + 1)}, (1.8) 

where t > and 

„4(£) = {/ : B -> M 2 \{0, 1} | / is analytic with |/(0)| = t} . 



W(^) 



( ^i/x(^) 
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Hence, in the notation used in Schottky's Theorem [TSJ p. 702], 



\f(z)\ < Vk(cl) = *(a, \z\), K=(l + \z\)/(l - \z\) 



;i.9) 



for / G A(a), a > 0, and z E B. Upper bounds have been obtained for the function ^f(a, r) 
by W. K. Hayman [H], J. Jenkins [19], J. Hempel [T7], and S. Zhang [13], while Zhang's 
estimates were recently improved in [27]. 

In the past few years, many properties have been derived for the special functions 

<p K (r), \{K), and VK (t) [2], @], 0, |S], [7J, [22], [25], [23, [21, [2D], [21], [22], [27J, [2S], 

[4"T] . [12]. However, the above-mentioned applications motivate us to study these functions 
further. For the applications, for example, we require better estimates and some other 
properties for t]k (t). 

Since r^xif) is a generalization of \{K), it is natural to ask how to extend the known 
results for \(K) to r]x{t). For example, X(K) has the following asymptotic expansion [7J 
Exercise 10.41 (6)] (cf. [20, (6.10), p. 82]): 



X(K) = ^ K - i + 8{K), where 1 < e* K 6(K) < 2, 



;i.io) 



for K > 1. In Theorem 4.7 and Corollary 4.16 below we provide an analogue of (1.10) for 
the function r/xit). 

In the present paper, the authors study the monotonicity and convexity properties of 
certain combinations of the functions \{K) and T)j((t), from which sharp bounds for these 
functions follow. Note that, by (1.9), our sharp bounds for r] K (t) also give sharp estimates 
for the Schottky upper bound \l/(t, r). Our main results include the following Theorem 1.11, 
which leads to an approximation of \{K) by a finite Taylor series, and Theorem 1.14, in 
which we extend to r/^(t) the properties of X(K) proved in [32} Lemma 3.54]. Recalling that 
k p = 1/ -^/l + A(^) ,p = 1,2,3, we see that the bounds for X(K) in the next theorem 
also give bounds for the singular values k p . As far as we know, the resulting bounds for 
singular values are new. 

1.11. Theorem. Let a = (4/tt) X(l/V2) 2 = 4.3768 ... and c = a[4(a - l) 2 - a 2 ]/16 = 
7.2372 .... Then the function 



f(K) = (K-l) 



X(K) - 1 - a(K - 1) - -a(a - l)(K - 1 



is strictly increasing from (1, oo) onto (c, oo). In particular, for K > 1, 



\{K) >l+a(K-l) + -a(a -1){K- l) 2 + c(K - l) 3 
and, for K G (1, 2), 

l + a(K-l) + |a(a - 1)(K - l) 2 + c{K - if < X(K) 

<l + a(K-l) + \a{a - 1)(K - if + a(K - if, 



1.12) 



1.13) 
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where c x = A(2) -I -a - \a{a - 1) =4^(v^2 + l) 2 - 1 - a - |a(a - 1) =20.2035. . .. 

1.14. Theorem. Fort e (0,oo), Zet r = y/t/(l + t). 

(1) TTie function 

f(K) = VK (t)e- 2K ^ 

is strictly increasing from [1, oo) onto [te -2 ^^, 1/16). 

(2) TTie function 

is strictly decreasing from (1, oo) onto (2fi(r'), (4/ir) X(r) X'(r)). In particular, for all 
t G (0, oo) and K G (1, oo), 

te 2(K-lMr') < ^ < te 4(K-l) X(r) X'(r)/* (L15) 

(3) TTie function 

h(K) = e- dK 

is strictly increasing from (1, oo) onto ((4/7r)tX(r) 3C'(r)e~ 2/ ^ r ), /x(r')/8). In particular, for 
all t G (0, oo) and If G (1, oo), 

t + t %\r)j [e 2 ^- 1 ^ - 1] < n x (t) < t + ± e ^')[ e 2(^-iMr') _ y (L16) 

and 

1 + c(e^ - e v ) < \{K) < 1 + l-(e* K - e w ), (1.17) 

lb 

w/iere c = (f DC(1/V§)) 2 e"*" = 0.0602 .... 



= -2K„(r') d VK(t) 



Throughout this paper, we let r' = yl — r 2 for r G [0, 1]. 

We shall frequently employ the following well-known formulas [7, Appendix E], [TT] . 
for < r < 1, < K < oo : 



dX £ - r' 2 X d£ £ - X 



dr rr' 2 dr r 



(1.18) 



3C £' + DC' £ — XX' = , (1.19) 



d/x(r) 7r 



2 



^ r 4n" /2 3C(r) 2 ' 

<9s s fs'X(s)\ 2 ss' 2 X(s)X'(s) 



dr Kr \r' X(r) ) rr' 2 X(r) X'(r) ' 

:Ss' 2 X(s)X'(s), 



ds 2 ,., 



(1.20) 



(1.21) 



dK ttK 



where s = ^>k{t) 



Mrf + <Pi/ K (r') 2 = 1, ^ 2 (r) = ^. (1.22) 

1 + r 



We denote 



2 

m(r) = -r' 2 X(r) DC'(r), (1.23) 

7T 



for r G (0, 1). Then, by differentiation and (1.19), we have 



dm(r) 14,.,., , 
— ^ = £'(r 3C(r . 1.24 

(IT T 7TT 



2 Preliminary results. 

In this section we prove two lemmas that will be needed for the proofs of the main theorems 
in Sections 3 and 4. 

2.1. Lemma. (1) The function f{r) = rr'x(r)X(r') is strictly increasing on (0, l/y/2], 
and strictly decreasing on [l/y/2, 1). 

(2) The function g(r) = X(r)/r is strictly decreasing on (0, l/y/2}. 

Proof. (1) Differentiation gives 

r'f\r) = X't - XZ 1 , 

which is strictly decreasing from (0, 1) onto (— oo, oo) and has a unique zero at r = l/y/2. 
Hence the result for / follows. 

(2) By differentiation we obtain 

(rr') 2 g'{r) = ( £ - r' 2 X) - r' 2 X = gx{r), 

which is strictly increasing from (0,1) onto (— 7r/2,l) by [?l Theorem 3.21 (1), (7)], with 
#l(l/V2) = e(l/v^) - X(l/y/2) < 0. Hence the result for g follows. □ 

2.2. Lemma. (1) The function f(r) = (2/7r) X(r) X'(r) + logr — yu(r') is strictly 
decreasing from (0, 1) onto (0, log 4). 

(2) The function g(r) = (2/7r) X(r) X'(r) + log(r'/r) is strictly decreasing from (0,1) 
onto (log 4, oo). 

Proof. (1) Since f(r) can be written as f(r) = (m(r) + logr) + (m(r') + logr') — 
(/i(r') + logr'), it follows from [7J Theorem 3.30 (1)] and [201 (2-11)] that /(0+) = log4 and 
/(!")= 0. 

From (1.24) and (1.19) we have the formula 

d 4 

— (m(r) + logr) = x'(X-£). (2.3) 

dr irr 

Then, differentiating and using (1.19), (1.20), and (2.3), we get 

^r(r'x') 2 f'(r) = f\(r) = x' 3 (t - r' 2 X) - \ (r 2 X 12 + ^ . (2.4) 
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It follows from Theorem 3.21 (1)] that 



f l (r) = r 2 X' 2 X' 



< (rX 



'\2 



- r' 2 X 


-i) 


7T 3 






~ 16 


-3- 


7T 3 _ 

16 = 





(2.5) 



Differentiation gives 



r ,2 m 



rX >2 (X' - £') 



Mr) 



71 



2 X' 



£' - r 2 DC' 
JC' - £' 



Since ( £' - r 2 X')/( X' - £') is strictly increasing from (0, 1) onto (0, 1) [28[ Theorem 1.8 
(2)], f 3 is strictly decreasing from (0, 1) onto (0, 2), so that / 2 is strictly increasing on (0, 1). 
Clearly /2(f) — 0. Hence the monotonicity of / follows from (2.4) and (2.5). 

(2) By differentiation and (1.19), we get 



4 X 



9 (r) 



Txrr 



— (£.' — r X r ) 



which is negative by [7J Theorem 3.21 (1)]. Hence the monotonicity of g follows. 

Since g(r) = (m(r) + logr) + (m(r') + logr') — 21ogr, the limiting values of g follow 
from [7, Theorem 3.30 (1)] . □ 



3 Properties of X(K). 

In this section, we prove several refinements of some known results for the function X(K). 
Our first result improves [H Corollary 10.33, Theorem 10.35] and [37, Corollary 2.11]. 

3.1. Theorem. (1) The function f(K) = (log X(K))/(K — 1) is strictly decreasing and 
convex from (l,oo) onto (vr,a), where a = (4/tt) X(l/V2) 2 = 4.3768 .... 

(2) The function g(K) = (1/(K - 1)) \og(X(K)e b( - K+1 / K ^), where b = a/2, is strictly 
increasing from (1, 00) onto (0, tt — b). 

Proof. Let r = fi' 1 (ir / (2K)) . Then, by (1.1), (1.5), and (1.22), X(K) = {r/r') 2 . Using 
(1.20), we get 

= Kr' 2 X'(r) 2 , ^ = —X(K) X\r) 2 . (3.2) 

dK 7T dK 7T 

(1) By differentiation and (3.2), we have 

f\K) = f x {K)/f 2 {K), (3.3) 

where fAK) = —(K — 1) X'{r) 2 - log X(K) and UK) = (K - l) 2 , 

7T 

f[(K) = - l)x'(rf[z'(r) -r 2 x'(r)}, (3.4) 



and 

f[{K)/f 2 {K) = -lx'(rf[E'(r)-r 2 %'(r)} = / 3 (r). 

From (3.4) and [7J Theorem 3.21 (1)], we see that /i is strictly decreasing on (l,oo) 
with /i(l) = 0, so that, by (3.3), / is strictly decreasing on (1, oo). 

By Theorem 3.21 (1)], f 3 is strictly increasing on (0,1), so that /{(^//^(if) is 
strictly increasing in K on (1, oo), and so is /' by the l'Hopital Monotone Rule [TJ Theorem 
1.25]. This yields the convexity of /. 

The limiting values of / follow from [371 Corollary 2.11]. 

(2) Let g x {K) = logA(K) + &(£ - K) and g 2 (K) = K - 1. Then, by (3.2) and 
differentiation, since K = 9C(r)/ 3C'(r), we have 

9i( K )/g' 2 (K) = g 3 (K) = - %'{rf - b{\ + K~ 2 ), (3.5) 

7T 

~K 3 <7 3 (K) = & - -jL 3C(r) 3 [ £'(r) - r 2 3C'(r)] = ^ 4 (r). (3.6) 

It follows from [7J Theorem 3.21 (1),(7)] that g± is strictly increasing on (0,1). Since 
r G (1/V2, 1) and since, by (1.19), 

'g±(l/V2) = lb [f - 23C(1/V2) (£(1/V2) - | X(l/y/2))] 

= \b [f - 2X(1/V2) £(1/V2) + 3C(l/v/2) 2 ] = 0, 

it follows from (3.6) that #3 is strictly increasing on (l,oo). Hence the monotonicity of g 
follows from (3.5) and [7J Theorem 1.25]. 

The limiting values of g follow from l'Hopital's Rule and (3.5). □ 

3.7. Corollary. For K > 1, 

maxK^-V 6 ^- 17 ^} < X(K) < minje^- 1 ), e (-+^)^-i)}, (3.8) 
where a and b are as in Theorem 3.1. Moreover, 

lim X(K) 1/{K ~ l) = e a , lim X(K) 1/K = e\ (3.9) 

K— >1 ii"^oo 



Proof. The estimates in (3.8) follow immediately from Theorem 3.1. The lower esti- 
mates and first upper estimate in (3.8) also follow from (JJ Corollary 10.33, Theorem 10.35], 
while (3.9) follows directly from (3.8). □ 

In [HI Lemma 12, p. 80], P. P. Belinski gave the inequality 

X(K) < 1 + 12(K - 1) (3.10) 

for K > 1 close to 1. However, his proof given in [HI pp. 80-82] for (3.10) is not valid 
(cf. [37] p. 412]). Corollary 3.5 of [37] gives an improved form of (3.10). Theorem 1.11 is 
related to this kind of property of X(K) for K > 1 close to 1, and improves J37J Corollary 
3.5]. 
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3.11. Proof of Theorem 1.11. Let r = /^(vr / \2K)), X = X{r), Xf = Xf(r), and 
£' = £'(r). Then (3.2) holds, and by (1.18) and (3.2) we have 



X' 2 { £' - r 2 X') 



dK 7T 

A" (if) =-\'(K)x'[x' - (£'-r 2 3C')]> 

7T 

X"'(K) = -A" (if) DC'fOC' - ( £' - r 2 DC')] - ^-(1 - r 2 r /2 )A'(if ) X 



(3.12) 



By (1.19), we have 



3C(1/V2) 



£(1/ V2) - ~ X(l/V2) 



7i 

4' 



(3.13) 



(3.14) 



Using (3.2), (3.12), and (3.13), we obtain 

A'(l) = a, A"(l) =a(a-l), A'"(l) = 6c. 
Next, let g(K) = X(K) - 1 - a(K - 1) - \a(a - 1)(K - l) 2 and = (if-1) 3 . Then 
( g'{K) A'(it) - a -a(a- l)(K - 1) 

(3.15) 



3(if- l) 2 



g"(K) \"{K) - o(o - 1) /'(if) 



U"(if) 



6(if-l) ' /i'"(if) 6' 



From (3.2), (3.12), and the fact that \{K) = (r/r') 2 , where r = /i" 1 ^ / '(2K)), it follows 



that 



where 



\'»(K) = ^(rX ,2 ) 2 F(K) 

IX 6 



(3.16) 



F{K) = ^-[X' - {H' -r 2 x')} 2 



2^12 



(rX 



l\2 



£' - r 2 X' 

Zj2 



X 



12 



[(X' + £') + (1 + r 2 )5C' - 2£']. 



Using (3.13), we get 



F(l) =6^ DC(l/v^) - 



£(l/v / 2)-iac(l/v / 2)]} 2 -^(l/ v / 2) 2 



^-X(l/V2) 2 + 6 



£(l/V2)-ix(l/V2) 



3tt= 7.1210- ■■ > 0. 



Since r G (l/\/2, 1), it follows from Lemma 2.1 (2) and Theorem 3.21(7)], that X'/r 1 
and rX' are increasing, while by [3 Theorem 3.21 (1), Lemma 1.33 (3)] ( £' — r 2 X')/r' 2 
and X! + £' are decreasing. Next, by Exercise 3.43 (4) (a)], (1 + r 2 ) X" - 2 £' is strictly 
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decreasing from (0,1) onto (0,oo). Thus we conclude that F(K) is strictly increasing in 
K on (l,oo). Hence, it follows from Theorem 3.21 (7)] and (3.16) that A'" is strictly 
increasing on (1, 00). 

By (3.14), we observe that g'(l) = h'(l) = g"(l) = h"(l) = 0. Hence the monotonicity 
of / follows from (3.15) and [H Theorem 1.25]. 

By l'Hopital's Rule, (3.14), and (3.15), we get = c. Since K = %/%', \{K) = 

(r/r') 2 , and 

r 2 -r- 2 {l + a[(3C/^)-l]+ai[(3C/^)-l] 2 } 
f{K) = G(r) = r"[(3C/3C)-l]3 ' 

where ai = |a(a — 1), and since y/r'X — > as r — > 1 [7, Theorem 3.21(7)], we see that 

lim f(K) = limG(r) = 00. 

K— >oo ) — >1 

Finally, (1.12) is clear. Since 

/(2) = A(2) - 1 - a - io(a - 1) = Cl , 

(1.13) follows from the monotonicity of /. We have used [7J Theorem 10.5(4)] in the 
evaluation of A(2). □ 

3.17. Corollary. (1) As K 1, 

A(K) = 1 + a(K - 1) + \a{a - 1){K - if + 0((K - if), 

where a is as in Theorem 1.11. 

(2) Let 5 > be an arbitrary real number and let c\ be as in Theorem 1.11. Then, for 
1<K<K = 1 + (v/a 2 + 4 Cl 5 - a 1 )/(2c 1 ) ) 

A(K) < 1 + (a + 5) (AT- 1). (3.18) 

In particular, for 

1 < K < 1 + ^a 2 + 4ci(5-a) - oij /(2ci) = 1.07066 . . . , 

A(Jf) < 1 + 5(ir — 1). (3.19) 

Proof. Part (1) follows immediately from (1.13). By (1.13), we see that (3.18) holds if 

Ci(K- l) 2 + ai (K- 1) -5 < 0. (3.20) 

Clearly, for K > 1, (3.20) holds if and only if K < K . 
Taking 5 = 5 — a, we obtain (3.19) from (3.18). □ 

The next result improves (1.10). 
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3.21. Theorem. For K > 1, 



\f K ~\ + ci(K)e- K < X(K) < L e «K - I + C2 (K)e 



ttK 



(3.22) 



where 



C2(K) 



16 



1 + 4 



21 

4 ' 4e- 27r ^ + 1 > 16 ~ C ' 
5e' 4nK + Ue~ 27lK + 5 



< 



21 

16' 



and c = (68 + e 2 ^)/[16(4 + e 2n )} = 0.06991 .... 

Proof. It follows from [7, (5.20), (5.4), Theorem 5.13 (4)] that, for all r G (0, 1), 

, 1 + </? n , . . 2(1 + V?) 
log : jj= < 2//(r) < log 



1 - v^ 7 

from which we get, with x = exp(2/x(r)) > 2 



(3.23) 



1 - 



x — 1 

X + 1 



< r 2 < 1 - 



z - 2 

2 + 2 



(3.24) 



for all r G (0, /^(log ^2)]. 

Let r = pr^nK/V). Then < r < l/v 7 ^ < ^(logV^), x = e nK , and X(K) = {r'/rf. 
It follows from the second inequality in (3.24) that 



\{K) 



1 ly Qr + 2) 4 
r 2 16x(x 2 + 4) 



- 1 



(1 + 2e" 



T6~ 
16 2 4 



1 + 8e~^ + 4e" 2 ^ 



1 + 



16 1 + 4e~ 27rK 
4 



1 + 



4e -27rK + ! 

4 



- 1 



- 1 



4e 



+ 1 



and hence the first inequality in (3.22) holds. Clearly, 



21 
16 



c. 



Next, it follows from the first inequality in (3.24) that 



X(K) 



1 < 



x(l + x ) 



1\8 



16(l + x" 2 )(x- 4 + 6x- 2 + 1) 



J_ e ** + ^_ (i + y) 8 -(i + r)(i + % 2 + r 

16 6 16 (l + 2/ 2 )(l + 6y 2 + ?/ 4 ) 



-V* + 6 - 
16 16 



+ y 2 1 + 4 



5y 4 + 14y 2 + 5 
y 6 + 7y 4 + 7y 2 + 1 
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where y = 1/x = e~ nK , and hence the second inequality in (3.22) follows. 

Finally, it is easy to verify that (5t 2 + lit + 5)/(t 3 + 7t 2 + 7t + 1) is a strictly decreasing 
function of t on (0, oo). Hence C2(K) is strictly increasing on [l,oo), so that C2(K) < 
Um^ooCaW = 21/16. □ 

3.25. Remark. Computation gives: 

-^e 77 -- + ci(l)e _7r = 0.9999902 . . . , 

— e*" - - + CaCQe - * = 1.0025922 .... 
16 2 K J 

Hence, even when K is close to 1, the lower and upper estimates for \{K) given in (3.22) 
are very close to each other. 



4 Properties of ry/^m . 



In this section, we study some properties of rj K (t). We first extend to ^(i) the properties 
of X(K) proved in [32l Lemma 3.54]. 

4.1. Proof of Theorem 1.14. Let s = tp K {r). Then r/ K (t) = (s/s 1 ) 2 and, using (1.4) 
and (1.21), we have 



OK txK 
'1) We may rewrite f(K) as 

f(K) = 



,)nK(f] [ VK(t)x(s)X f (s) = 2 3C(s)V(*)- 



s e 



-2[^s')+log(s'/s)} 



(4.2) 



Hence the monotonicity of / follows from Theorem 5.13 (3)]. The limiting values are 
clear. 

(2) By (4.2) we may write g(K) as 



g{K) 



2X(s 



from which the monotonicity follows immediately. We obtain (1.15) by integrating the 
inequalities 

4 

2n(r') < g(K) < -X(r)x'(r) 

71 

with respect to K over (1,K) and using the fact that rjx (t) = t. 
(3) By (4.2), we have 



h{K) 



s X'(s) 



_(s' I \fs)e^ s ') _ 
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Hence the monotonicity of h follows from [7J Theorem 3.21(7)] and [3"2"j Lemma 3.54(1)]. 
We obtain (1.16) and (1.17) by integrating the inequalities 

^-t%(r)3C'(r)e^ K - 1 ^ < < \^r')e 2K ^ 
with respect to K over (1, K). □ 

4.3. Remark. An injective mapping / : X — > Y, where X and Y are metric spaces 
with distances denoted by |o — b\, is called quasisymmetric if there exists a homeomorphism 
T] : [0, oo) — > [0, oo), 77(0) = 0, such that for all a, b, c G X, a 7^ c, 

\f(a)-f(b)\ f\a-b\ 

< 7] 



\f(a)-f(c)\ \\a-c 

Further, if s > 0, we say that / is s- quasisymmetric if / is quasisymmetric with n(t) <t + s 
for all t G (0,max{l, 1/s}) . Using (1.16), one can show that, for K sufficiently close to 1, 
a X-quasiconformal map / of M 2 into M 2 is s-quasisymmetric with s = (K — I) 4 / 9 . This 
result improves the conclusion stated in [551 Remark 2.17], where it was indicated that / 
is s-quasisymmetric with s = \[K — 1. In fact, by [36], Theorem 2.16] and (1.16), we only 
need to show that, for K sufficiently close to 1, 



e 



2M(r)[ e 2(K-l) M (r)_ 1 ]/ s < 16; ^ 



where r = ^/s/(l + s) and s = (K — 1) 4 ^ 9 . Since K = 1 + s 9//4 and s = (r/r') 2 , it follows 
from [201 (2-11), p. 62], [7, Theorem 3.21 (7)], FHopital's Rule, and (1.20) that 

lim e 2 ^ le^-VM _ 1] l s 

e 2(r/rT'VH _ 1 2(r/r') 9 / 2 M(r) _ 1 

= lime 2 ^^ +log ^- = 16 lim- , 

r-*a r 4 r->o r 4 

= - lim y/¥[9)C(r)K:'(r) - tt] = 0. 

Thus there exists K G (1, 2) such that (4.4) holds for K G (1, K }. 

The next result extends [6[ Theorem 2.3] to the function 7]K{t) for K > 0. 

4.5. Theorem. For each fixed t G (0, oo), F(K) = r]K(t) + l is log-convex as a function 
of K on (0, oo), while rj K (t) is log-concave there. In particular, fort,K,L G (0, oo) and 
p,q G (0, 1) mi/i p + q = 1, 

m(t) P VL(tr < V P K +qL (t) < [v K (t) + lf[n L {t) + l}" - 1. (4.6) 



Proof. First, we observe that (4.2) also holds for K G (0, 1), so that the monotonicity 
properties of /, g, and h in Theorem 1.14 are valid for K G (0, oo). Hence the log-concavity 
of rjK{t) follows from Theorem 1.14 (2). Alternatively, the logarithmic derivative of rjK{t) 
is (2///(r)) %'(s) 2 , which is strictly decreasing in K. 
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Since rj K (t) = (s/s 1 ) 2 , where s = (fK( r ) and r = y/t/JT+T), we have 

F(K) = r] K (t) + 1 = (sT 2 , 

and hence, by (1.21), 



F'{K) 



-s 2 x'(s)\ 



F(K) /i(r) 

which is strictly increasing in K on (0, oo) by [3, Theorem 3.21 (7)]. The log-convexity of 
F now follows. 

The remaining conclusions are clear. □ 

The next result is a generalization of Theorem 3.21 to the function r]K(t), and provides 
an analogue of (1.10) for ^(t). 



4.7. Theorem. (1) For K > 1 and < t < [pT 1 ^ log2)]~ 2 - 1, 

r) K {t) < [^ 1 (|log2)]" 2 - 1 < 0.000011. 
(2) For K > 1 and t > {pT 1 ^ log 2)]~ 2 - 1, 

VK(t)>^e 2K ^- 1 - + c 1 (t,K)e- 2K ^'\ 
lb Z 



where r = y/t/(l + t) and 



1 



Cl (t,K) = - + 



1 



1 

> T + 



1 9 

> 



4 4 e -4^(r') + i 4 4 e -4 M (r') + j 2 ' 
(3) Fort G (0,oo) and K > 1, 

ifcrW < -^e 2 W) - 1 + c 2 (t,ir)e- 2 ^'), 
lb 2 



where r is as in part (2) and 



1 



C2(t,K) =- 



1 + 4 



e -12X M (r') + 7e -8^(r') + 7e -4RT/x(r') + I 



5 

< TT7 + 



< 



21 



lb 4e- 2K ^ r '') + l lb' 



(4.* 



(4.9) 



(4.10) 



(4.11) 



(4.12) 



Proof. Let u 

and (1.22), 

and, by (3.23), 



ip 1/K (r'), r = y/t/(l + t), and x = e 2 ^ (u) 
r} K {t) =u~ 2 - I 



1 + y/u' 



1 - Vvi 



< x < 2 



1 + Vu 7 
l-Vu'' 



e 2K ^ r 'K Then, by (1.6) 
(4.13) 

(4.14) 
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(1) For K > 1 and < t < [^\^ log2)]~ 2 - 1, we have 

u = <p 1/K (r') > ^\K^\^\og2))) = ^\\\og2) 

so that, by (4.13), 

r] K {t) < ^ _1 (±log2)]- 2 - 1 < 0.99999476" 2 - 1 < 0.000011. 

(2) Since t > [/x -1 ^ log2)]~ 2 - 1, we have 

x = e 2K»(l/VT+i) > e 2X M ( M - 1 ( 5 i ? log2)) = 2 

Hence, it follows from the second inequality in (4. 14) that 



u 2 < 1 



x + 2 



so that, by (4.13), 

(x + 2) 4 
1*® > 16.(^ + 4) " 

Then, by the method used in the proof of Theorem 3.21 one can easily obtain (4.9). The 
inequalities in (4.10) are clear. 

(3) Clearly, x > 1 for alH > and K > 1. Hence, it follows from the first inequality in 
(4.14) that 

' x — 1 



u 2 > 1 - 



X + 1 



Now, using (4.13), one can prove (4.11) by the method used in the proof of the second 
inequality in (3.22), without any difficulty 
Finally, let 

= 4 W + 56y + 80 4 3 

Jyy> y 3 + 28y 2 + 112y + 64 y + 1 4' 
Then c 2 (t, K) can be written as 



1 + ^T + / ^ 



(4.15) 



where b = 2/x = 2e~ 2K ^ r '\ Clearly, b e (0,2). It is easy to show that the function /, 
which can be rewritten as 

Ay 3 + 33y 2 + 24y + 16 3 

f(y) = 4 



( y y + l)( y y 3 + 28y 2 + 112y + 64) 4' 

is strictly decreasing on (0,4) and that /(0) = 1/4. Hence the inequalities in (4.12) follow 
from (4.15). □ 

As a consequence of Theorem 4.7, the following corollary gives an asymptotic expansion 
for rjK{t) as K — > oo or t — > oo. 
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4.16. Corollary. As K —>■ oo ort — > oo, 



^(t) = ^e 2 W)-i + 0(e- 2 ^')), 
lb 2 



where r = \ftjjl + t). 

In [321 Theorem 1.3], it was proved that, for t G (0, oo) and K G (1, oo), 



le 1 - 1 ^ < 



t i/K-( 1 + f )*r-i/x 



(4.17) 



where c= (1/8) exp(2 3C(l/ v / 2) 2 /vr) = 1.115.... The proof of (4.17) given in [321 Proof of 
Theorem 1.3], however, is complicated and long. Our next result improves (4.17), and its 
proof is also much simpler. 

4.18. Theorem. (1) For each t G (0, oo), the function 

f{K) = \^/ K nK m^ K ^+t) K - llK \ 

is strictly increasing and convex from [1, oo) onto [16, oo). In particular, fort G (0, oo) and 
K > 1, 

VK (t) > le 1 - 1 /^ 1 /* (i + t) K ~ l / K , (4.19) 

and, for t G (0, oo) and K G (1, 2), 



16 1-1/A' 



< 



VK(t) 



t l/K(l +t )K-l/K 



< le 1 - 1 ^ I i 



i + t 



- i 



(K-l)\. (4.20) 



(2) For t G (0,oo), let r = y/t/(l + t), A = A{r) = r'e^ and B = B(r) 
r exp ((2/7r) X(r) %'(r) — fj,(r')). Then the function 



g{K) = A~ K B l ' K 



t l/K(l +1 )K-l/K 



1/2 



is strictly decreasing from [l,oo) onto (1/4, B/A]. In particular, fort G (0, oo) and K G 
(l,oo), 

— A 2K B~ 2/K < 11 K ^ < A 2(i ^ 1} B 2(1 ~ 1/K) 

16 tV K {\ + t) K -V K (4.21) 



where c is as in (4.17). 



Proof. Let r = y/t/(l + t), s = <p K (r). 
For part (1), we rewrite / as 
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By logarithmic differentiation and (1.21), we obtain 



\f{K) = f(K) 



_l_ X '( s )2 + _^ log r +log? ,/ 



Clearly, Fi has the following limiting values: 



(4.22) 



rr 



Fi(l) = m(r) + m(r') + log — , lim Fi(iT) = /i(r') + log r'. (4.23) 

4 K— >oo 



Differentiation gives 
1 



^K 3 F{(K) = F 2 (K) ee log^ - ^|^3C( S ) 3 [ £ '( S ) - s 2 0C'( S )]. 



(4.24) 



It follows from [3, Theorem 3.21 (1), (7)] that F 2 is strictly increasing on [1, oo), and 



1 -r' 2 X(r) 



H{r) £'(r) - r 2 X'(r) 



7T" 



log(4/r) 



„/2 



log- 



lim F 2 (iT) = log-. 

k^oo r 



From [3, Theorems 3.21 (1), (7) and 5.16 (2)], we see that the function F 2 (l)/ log(4/r) 
is strictly increasing in r from (0, 1) onto (0, 1). Hence, by (4.24), F\ is strictly increasing 
on [l,oo). Since > for all r G (0,1) [32j Lemma 2.27], F X {K) > for all if > 1 

and r G (0,1). Hence, f(K)Fi(K) is positive and increasing on [1, oo) by (4.22), and the 
monotonicity and convexity of / follow from (4.22). 

Clearly, f(l) = 16. It follows from [201 (2.11), p. 62] that 



JK 



lim 



lim 



expos') (1 + (log r')/n{r'))\ 



k^oo s' k^<x> exp(/i(s') + logs') 



- lim exp 

4 s->i 



H{s' 



-(//(/) + logr') 



oo, 



and hence hin^^oo f(K) = oo. 

Inequality (4.19) is clear, while the upper bound in (4.20) follows from the convexity of 
/ and (1.22). 

For part (2), we write g as 



s r 



K 



l/K 



Logarithmic differentiation gives 
K 2 



g\K) = 9l (K) = -i M (r) X(s) 2 + K 2 log - + log L 
7T A B 



(4.25) 
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and 

±g[(K) =3,(10 = ^|^'( S ) 3 [£( S ) -s 2 X(s)) +\o g r J . 

From [3 Theorem 3.21 (1), (7)] we see that #2 is strictly increasing on [1, oo) so that, for 
all K > 1, 

<? 2 (lQ < lim <7 2 (lQ = /i(r') + log(rVA) = 0. 
Hence gi is strictly decreasing on [1, oo), so that 

gi(K) < ^i(l) = - DC(r) 3C'(r) + log(rr'/(AB)) = 

7T 

for IT > 1. Consequently, the monotonicity of g follows from (4.25). 
Clearly, g{l) = B/A. From [20, (2.11), p. 62], we get 

s fr'\ K 1 1 



lim q(K) = lim — — = lim 

K^oo y ' K-+oas'\AJ s^l S 'e« s ) 4 

The first and second inequalities in (4.21) are clear. The third inequality in (4.21) holds 
if and only if (A/A) K (B/c) < 1 for all K > 1 and t > 0. This is true if and only if 
AB /(4c) < 1 since A < 4. Now [321 Lemma 2.27] implies that AB < 4c. □ 

4.26. Remark. It follows from [3 Theorem 5.13 (2)] and Lemma 2.2 (1) that A K B- 1/K 
is strictly increasing in r from (0, 1) onto (4 -1 /^, A K ). Hence the lower bound in (4.21) tends 
to 16 K ~ 1 as r tends to 1, that is, as t tends to oo. Consequently, for large t, the lower 
bound in (4.21) is better than the lower bound 1Q 1 ~ 1 I K given in (4.17). 

4.27. Theorem. Fort e (0,oo) ; let r = yjt/{l + t). 
(1) The function 



f(K ) = { ,, K ( / i (>xp ( 2 ( ^ %{r) x'{r) + log 



l/K 



is strictly decreasing from [l,oo) onto {e 2 ^ r '\ e 4 3C(r - ) :K '( r )/ 7r ] . In particular, fort G (0, oo) 
and K e (1, oo), 



texp < 2 



IT^(r') %(r) %'{r) 
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< mit) < texp < -(K - l)x{r)x'(r) 



(4.28) 



(2) The function 
1 



g{K) 



log 



VK(t) 



K-l b \t l / K (l+t) K - 1 / K 



exp 



2 ( 1 J t-X(r)x'(r) + log(rr'] 
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is strictly increasing from (1, oo) onto (0, 2[/i(r / ) +logr']). In particular, fort 6 (0, oo) and 
K £ (1, oo), 



< exp {2 (l — -L) (| 3C(r) 3C'(r) + log(rr')) } 



< 



t l/X( 1 + t )X-l/i^ 

< exp{2{K - 1)) [//(r') + logr'] 

+2 [f ac(r)aC(r)+log(rr')]} 



(4.29) 



and 



3 (X-l)[log2+(a-log2)/^] 



< A(iiT) < e 



(i^-l)[7T+(a-log2)/_fC] 



(4.30) 



w/iere a = (4/tt) ac(l/V2) 2 . 



Proof. Let s = ^(r). Then ri K (t) = {s/s') 2 . 
(1) Logarithmic differentiation gives 



K 2 



2f(K) 



f(K) = f 1 (s)-f 1 (r), 



where f\{x) = (2/7r) X(x) X'(x) + log(x'/a;). Hence the monotonicity of / follows from 
Lemma 2.2 (2). 

Clearly, f(l) = e 43£ W K '«/\ By l'Hopital's Rule, (4.2), and [7, (5.2)], we have 



lim VK (t) 1/K = exp ( lim lo ^A 



Hence lim^^ f(K) = e 2 ^ r '\ 
(2) Let 

g 1 (K) = log(s/s') +K log r'+{(l/K) - 1) [(2/tt) X(r) DC'(r) +logr'] -log r 
and gz{K) = K — 1. Then g(i^) = 2gi(K) / g 2 (K) and, by differentiation, 



gj(g) 



' X'(s) 2 - ' 



K 2 
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x(r)x'(r) + logr' 



+ logr' (4.31) 



and 



K 3 2 

—g' 3 {K) = g A {K) = - X{r) x'{r) + logr' 

Z 71 



2\ 2 X'{r) 



(4.32) 



Ti J X(r) 



X(s) 3 [E 



3 f c'f n \ „2 „,i 



s)-s^X'(s) . 
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From [3, Theorem 3.21 (1), (7)], we see that g 4 is strictly increasing on (l,oo). By (1.23) 
and (1.19), 

'5-4(1) = m(r') + logr' + m{r) - 4? 3C(r) 2 %'(r)[ £'(r) - r 2 3C'(r)] 

= m(r') + logr' + ^%(r) 0C'(r){fr' 2 - X(r)[£'(r) - r 2 X'(r)}} 
= m(r') + log r' + 4, x(r) X'(r) {r 2 3C(r) [ X'(r) - £'(r)] / 4 33^ 

-r /2 3C'(r)[3C(r) - £(r)]} 

/ a , / m ,,\ K'(r) - £'(r) 3C(r) - £(r) 
= m(r') + logr' + m(r)m(r') ' 



r' 2 X'(r) r 2 X(r) 
It follows from [28, Corollary 3.9 (1)] and (4.33) that 

# 4 (1) > for rE (0, 1/V2], (4.34) 

and that 

(74(1) > g*>{r) = m(r') + logr' — -m(r)m(r') (4.35) 

for r G [l/v 7 ^, 1). 

By [7J Theorem 3.30 (1)] and Lemma 2.1 (1), we see that #5 is strictly increasing on 
[1/V2, !)• Since 

g 5 (l/V2) = - X(l/V2) 2 - O^l/v^) 4 - i log2 = 0.148 • ■ ■ > 0, 
it follows from (4.35) that 

g 4 (l) > for re [1/V2, 1). (4.36) 

It follows from (4.34), (4.36), (4.32), and the monotonicity of g 4 that g% is strictly 
increasing on (1, 00). Hence the monotonicity of g follows from (4.31) and [7J, Lemma 1.25]. 

The limiting values of g follow from (4.31) and l'Hopital's Rule. The second and third 
inequalities in (4.29) are clear, while the first follows from [321 Lemma 2.27]. Taking t — 1 
in (4.29), we get (4.30). □ 
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